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(57) ABSTRACT

Described is a method for accurately reconstructing analog
signals. The present invention considers a general parameter
estimation problem, extends the utility of compressive sens-
ing to real scenarios, and is able to accurately estimate center
frequencies and amplitudes. Specifically, an unknown con-
tinuous analog signal comprising a set of arbitrary frequen-
cies and amplitudes is received. A set of non-uniform samples
of the unknown continuous analog signal is then obtained at
multiple times. Finally, an iterative reconstruction process is
utilized to determine a set of frequencies and a set of ampli-
tudes that best fit the set of non-uniform samples in a global
minimum problem in order to accurately reconstruct the con-
tinuous analog signal.

15 Claims, 4 Drawing Sheets
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1
ACCURATE RECONSTRUCTION OF
FREQUENCY-SPARSE SIGNALS WITH
ARBITRARY FREQUENCIES FROM
NON-UNIFORM SAMPLES

CROSS-REFERENCE TO RELATED
APPLICATIONS

This is a Non-Provisional patent application of U.S. Pro-
visional Application No. 61/590,394, filed in the United
States on Jan. 25, 2012, titled, “Accurate Reconstruction of
Frequency-Sparse Signals with Arbitrary Frequencies from
Non-Uniform Samples.”

BACKGROUND OF THE INVENTION

(1) Field of Invention

The present invention relates to a system for accurately
reconstructing analog signals and, more particularly, to a
system for accurately reconstructing analog signals in a con-
tinuous sparsifying domain.

(2) Description of Related Art

Compressive sensing is a signal processing technique for
efficiently acquiring and reconstructing a signal by finding
solutions to underdetermined linear systems. Compressive
sensing is able to reconstruct signals with measurements far
below the Nyquist rate, under the assumption that the signal is
sparse (e.g., the number of frequencies is small). Since the
compressive sensing theory is developed from the discrete
signal domain, it is limited when dealing with real analog
signals with continuous frequency band.

The compressive sensing (CS) theory was set forth by
Donoho in “Compressed sensing” in [EEE Trans. on Infor-
mation Theory, 52:1289-1306, 2006 and Candes in “Near
optimal signal recovery from random projection: universal
encoding strategies?” in I[EEE Trans. on Information Theory,
52:5406-5425, 2006, which are both hereby incorporated by
reference as though fully set forth herein. The CS theory
states that it is possible to reconstruct signals with measure-
ments far below the Nyquist rate if the signals are sparse in
some known transform domain. There has been a substantial
amount of research on refining the theoretical results (espe-
cially towards the conditions on measurements matrices),
improving the efficiency of reconstruction algorithms, and
turning the CS theory into practical applications in a wide
range of areas. One application is to measure and reconstruct
frequency-sparse signals that occur in communications (i.e.,
the number of frequencies is small). However, since the for-
mulation of compressive sensing is discrete, it is only able to
properly deal with a discrete sparsifying domain (i.e., fre-
quencies on the discretized grid), which is not realistic in
practice.

Further, Duane and Baraniuk proposed in “Spectral Com-
pressive Sensing” in Applied and Computational Harmonic
Analysis, 2012, a suite of spectral CS (SCS) recovery algo-
rithms for arbitrary frequency-sparse signals. This reference,
hereinafter referred to as the Duarte and Baraniuk reference,
is hereby incorporated by reference as though fully set forth
herein. The method described in the Duarte and Baraniuk
reference uses an over-sampled discrete Fourier Transform
(DFT) frame together with a coherence-inhibiting structured
signal model. The method was demonstrated to outperform
current state-of-the-art CS algorithms based on the DFT and
classical sinusoid parameter estimation algorithms. However,
in terms of accuracy of parameter estimation, there is room
for improvement.
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Thus, a continuing need exists for a method that is able to
deal with a continuous sparsifying domain and accurately
reconstruct signals with arbitrary frequencies from non-uni-
form samples with sampling rates much lower than the
Nyquist rate.

SUMMARY OF THE INVENTION

The present invention relates to a system for accurately
reconstructing analog signals. The system comprises one or
more processors and a memory having instructions such that
when the instructions are executed, the one or more proces-
sors perform multiple operations. First, an unknown continu-
ous analog signal is received comprising a set of arbitrary
frequencies and a set of arbitrary amplitudes. A set of non-
uniform samples of the unknown continuous analog signal is
obtained at a plurality of times. An iterative reconstruction
process is then utilized to determine a set of frequencies and
a set of amplitudes that best fit the set of non-uniform samples
in a global minimum problem in order to accurately recon-
struct the continuous analog signal.

In another aspect, in an initial step of the reconstruction
process, compressive sensing is applied to compute approxi-
mations of the set of frequencies and the set of amplitudes;
and in a subsequent step of the reconstruction process, the
approximations of the set of frequencies and the set of ampli-
tudes are used to find the minimizations of the set of frequen-
cies and the set of amplitudes.

In another aspect, the continuous analog signal, y, is a
linear combination of k tones:

k

W=y ae i,

=1

where f; € [0, N], s eR, forr e R,

where f, denotes an 1” frequency, c., denotes an 1” amplitude,

t denotes time, N denotes an integer number, R denotes the
set of real numbers, 2 denotes a summation, € denotes “is an
element of”, and "> denotes a pure tone; wherein the set of

non-uniform samples is y,=y(t,), ¥>=y(t>), - - -, Yary(tas),
where M<N; and wherein the global minimum problem is:

M r 2
ming f, 5 e[0N] v — > e,
a8, E % =1 =1 2
where ||. . . ||, denotes “the L., norm of”, and M denotes an
integer.
In another aspect, t;, t,, . .., t;,
{0 1 N - 1}
ey —, —, ... s —— -
NN N

A matrix ®=DF is defined, where F is an inverse Fourier
matrix and D is a diagonal matrix associated with selection of
t, 1, ..., ty,. A diagonal of the matrix ® is defined by d(j)=1
if j=t,N for some i and d(j)=0 otherwise. A set of non-uniform

samples Y=y, Yo - - -
where ?Z(xl, X, -+ -5 Xp) With x,=a, if j=round({;) for some

, Var) 18 approximated by ?z@?,
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iand x;=0 otherwise. A convex optimization problem having

a solution X * is computed according to the following:

% = argming[[y - B3 + AlIF,,

where A>0 is a tuning parameter.

In another aspect, a set of indices, I, of k' largest absolute .

—> . . .
values of x*=(x*, x*,, . . ., x*,) is identified, where

:*ZQ*(I) and T*=1. A minimization with respect to Tis
computed according to the following:

M

ming 5 50 e0N] E

J=1

4 2

i - Z alemrflrj

=1

2

-
A minimization with respect to a is computed according to
the following:

2

v

e

vi- > ae™ i
=1

2

M
rnmal Yyt R §
J=1

As can be appreciated by one in the art, the present inven-
tion also comprises a method for causing a processor to per-
form the operations described herein.

Finally, the present invention also comprises a computer
program product comprising computer-readable instruction
means stored on a non-transitory computer-readable medium
that are executable by a computer having a processor for
causing the processor to perform the operations described
herein.

BRIEF DESCRIPTION OF THE DRAWINGS

The objects, features and advantages of the present inven-
tion will be apparent from the following detailed descriptions
of the various aspects of the invention in conjunction with
reference to the following drawings, where:

FIG. 1 is a diagram of a method for accurately reconstruct-
ing analog signals according to the present invention;

FIG. 2 is a graph depicting reconstructed signal-to-noise
ratios (SNR) results from a comparison study according to the
present invention;

FIG. 3 is an illustration of a data processing system accord-
ing to the present invention; and

FIG. 4 is an illustration of a computer program product
according to the present invention.

DETAILED DESCRIPTION

The present invention relates to a system for accurately
reconstructing analog signals and, more particularly, to a
system for accurately reconstructing analog signals in a con-
tinuous sparsifying domain. The following description is pre-
sented to enable one of ordinary skill in the art to make and
use the invention and to incorporate it in the context of par-
ticular applications. Various modifications, as well as a vari-
ety of uses, in different applications will be readily apparent
to those skilled in the art, and the general principles defined
herein may be applied to a wide range of embodiments. Thus,
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4

the present invention is not intended to be limited to the
embodiments presented, but is to be accorded with the widest
scope consistent with the principles and novel features dis-
closed herein.

In the following detailed description, numerous specific
details are set forth in order to provide a more thorough
understanding of the present invention. However, it will be
apparent to one skilled in the art that the present invention
may be practiced without necessarily being limited to these

o specific details. In other instances, well-known structures and

devices are shown in block diagram form, rather than in
detail, in order to avoid obscuring the present invention.

The reader’s attention is directed to all papers and docu-
ments which are filed concurrently with this specification and
which are open to public inspection with this specification,
and the contents of all such papers and documents are incor-
porated herein by reference. All the features disclosed in this
specification, (including any accompanying claims, abstract,
and drawings) may be replaced by alternative features serving
the same, equivalent or similar purpose, unless expressly
stated otherwise. Thus, unless expressly stated otherwise,
each feature disclosed is one example only of a generic series
of'equivalent or similar features.

Furthermore, any element in a claim that does not explic-
itly state “means for” performing a specified function, or
“step for” performing a specific function, is not to be inter-
preted as a “means” or “step” clause as specified in 35 U.S.C.
Section 112, Paragraph 6. In particular, the use of “step of”” or
“act of” in the claims herein is not intended to invoke the
provisions of 35 U.S.C. 112, Paragraph 6.

Please note, if used, the labels left, right, front, back, top,
bottom, forward, reverse, clockwise and counter-clockwise
have been used for convenience purposes only and are not
intended to imply any particular fixed direction. Instead, they
are used to reflect relative locations and/or directions between
various portions of an object. As such, as the present invention
is changed, the above labels may change their orientation.

(1) Principal Aspects

The present invention has three “principal” aspects. The
first is a system for accurately reconstructing analog signals.
The system is typically in the form of a computer system,
computer component, or computer network operating soft-
ware or in the form of a “hard-coded” instruction set. This
system may take a variety of forms with a variety of hardware
devices and may include computer networks, handheld com-
puting devices, cellular networks, satellite networks, and
other communication devices. As can be appreciated by one
skilled in the art, this system may be incorporated into a wide
variety of devices that provide different functionalities. The
second principal aspect is a method for accurately recon-
structing analog signals. The third principal aspect is a com-
puter program product. The computer program product gen-
erally represents computer-readable instruction means
(instructions) stored on a non-transitory computer-readable
medium such as an optical storage device, e.g., acompact disc
(CD) or digital versatile disc (DVD), or a magnetic storage
device such as a floppy disk or magnetic tape. Other, non-
limiting examples of computer-readable media include hard
disks, read-only memory (ROM), and flash-type memories.

The term “instructions” as used with respect to this inven-
tion generally indicates a set of operations to be performed on
a computer, and may represent pieces of a whole program or
individual, separable, software modules. Non-limiting
examples of “instructions” include computer program code
(source or object code) and “hard-coded” electronics (i.e.,
computer operations coded into a computer chip). The
“instructions” may be stored on any non-transitory computer-
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readable medium such as a floppy disk, a CD-ROM, a flash
drive, and in the memory of a computer.

(2) Specific Details

The invention described herein presents a scheme for sam-
pling and reconstructing analog signals. Compressive sensing
is ableto reconstruct signals with measurements far below the
Nyquist rate, under the assumption that the signal is sparse.
However, since the formulation of compressive sensing is
discrete, it is only able to deal with a discrete sparsifying
domain (i.e., frequencies on the grid), which is not a realistic
assumption. The present invention comprises a method for
dealing with a continuous sparsifying domain by extending
the utility of compressive sensing. Specifically, the present
invention considers a general parameter estimation problem,
extends the utility of compressive sensing to real scenarios,
and is able to accurately estimate center frequencies and
amplitudes. Since the problem considered is very general, the
invention is widely applicable to a variety of problems in
communications.

FIG. 1 is a flow diagram summarizing the method for
accurately reconstructing analog signals according to the
present invention. In a first step 100, an unknown continuous
analog signal comprising a set of arbitrary frequencies and a
set of arbitrary amplitudes is received by the system. In a
second step 102, non-uniform samples of the unknown con-
tinuous analog signal are obtained at multiple time points. In
a third step 104, a reconstruction process is performed. In a
first step of the reconstruction process 106, compressive sens-
ing is applied to compute approximations of the frequencies
and amplitudes. In a second step of the reconstruction process
108, the approximations computed in the first step of the
reconstruction process 106 are used to find the minimizations
of the frequencies and amplitudes, which are a best fit to the
non-uniform samples. In a final step 110, an accurately recon-
structed signal is output. The derivation of the present inven-
tion is described in detail below.

(2.1) Approach

In considering a continuous sparsifying domain, assume a
signal of interest, y, is a linear combination of k tones:

Yo=Y aei,

3 (69)
=

where f; € [0, N], ¢y e K, for re IR.

lth lth

where f, denotes the 1” frequency, o, denotes the 1”” amplitude,
t denotes time, N denotes an integer number, R denotes the
set of real numbers, 2 denotes a summation, € denotes “is an
element of”, and "% denotes a pure tone. The goal is to be
able to accurately reconstruct the above continuous signal
from under-sampled measurements. This can be achieved by
estimating the frequencies and amplitudes, f, and «,, and
taking direct non-uniform samples at timet, t,, . . ., t,, with
M=<N. Since there are only finitely many samples, without
loss of generality, it is hereinafter assumed that O=t, <t,<. ..

<t,<1. Therefore, there are samples:

yi =y, y2 =y@), ..., yu = Ylim), @

where

|l...ll, denotes "the L, norm”.
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Given such samples and the assumption of the signal in
equation (1), an intuitive way to solve the signal is to directly
look for frequencies and amplitudes that best fit the samples
in the least-squares sense according to the following:

M 2 3)
e

minfl,fz,...,fke[o,\N] v =

a1,GY, Gy E

k
=1

=1 £ 2

-
The above problem is convex with respect to a=(a,,

O, - . ., Oy), but highly non-convex with respect to ?:(fl,
f,, ..., ). Thus, the problem is convex locally. A remedy to
the problem is presented below.

(2.2) Local Convexity

To show that equation (3) is locally convex with respect to

T for fixed ?x), let

M

S(f):z

=1

2 4
v - irfie
i

ae

k
=1

2

M

k
Z{[re(yj) - agcos(2r fit;)
=1

1

2

+im(y;) = > asin@rfit;)|

2 &
[

where re denotes the real part of a complex number and im
denotes the imaginary part of a complex number.
Then, its gradient is:

VS = ®

M

47IZ (art;[Asin(2r fi1;) — Bjcos2r f11f, a2ijA jsin2n f2rj —
=

Bjcos2rf2ij, ... , akijAsin2n fkij — Bjcos2r f 1],
where

Aj=re(y)—
‘

acos(2rnfir;) and B; =im(y;) —
[

k k
asin2r fir;).
=1 =1

The entries of its Hessian, HS(?), are:

M
H; = 8712 a;tj[Ajcos(an;tj) + BjSin(Zﬂfi[j)]

1
on the diagonal (5) and

M ©6)
Hiy =87 apairieos2nt;(f = £)
=1

for i #m.

In the following it is shown that that in the case of one
dimension (k=1), the second derivative is positive on a small
interval. In the case of higher dimensions, one needs to show
that the Hessian is positive-definite. In the one-dimensional
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case, let y(1) = a0 and s(f) = ||y(0) - aen"f’lli =

[agcos(2r for) — acos(ant)]2 + [agsin(2rfo 1) — asin(Zﬂft)]z.

Then, one can derive that

S”(f) = 8ragar*cosxi(f — fo)). M

Equation (8) is positive if If-f,|=<0.25 for t€[0,1]. There-

fore, the one-dimensional case of S(?) in equation (4) is
convex for t€[0,1] over the set {f:1f-f,1<0.25}.

As aresult, initializations for equation (3) within such sets
are then sufficient to obtain a global minimum solution via an
optimization process, instead of getting stuck at a local mini-
mum with arbitrary initializations. Presented below is a
2-step greedy reconstruction process that iteratively finds a
good initialization in an initial (first) step and refines the
solution in a subsequent (second) step.

(2.3) Reconstruction Process

In a first step of the reconstruction process of the present
invention, compressive sensing is applied to find a good
approximation. To be able to utilize compressive sensing,
assume the non-uniform samples are taken on the grid

. N -1
(i s Ay

Then, one can define the corresponding matrix ®=DF, where
F is the inverse Fourier matrix and D is the diagonal matrix
associated with the selection of t,, t,, . . ., t,,, and its diagonal
is defined by d(j)=1 if j=t,;N for some i and d(j)=0 otherwise.

Thus, the non-uniform samples ?:(yl, Vo - -

1

R /77 e{O, v %

., Vo) can be
approximated by ?z@?, where ?Z(xl, X, - - . 5 Xp) With
x,=a, if j=round(f,) for some i and x,=0 otherwise, where
round denotes rounding the number to the closest integer. To
avoid complexity, N is assumed to be large enough so that
each round(f)) takes a unique value. Therefore, the problem of
finding an approximation to equation (3) was turned into a
compressive sensing problem, in which the sparsity con-

. — . . . . .
straint on X is carried out by the following convex optimiza-
tion problem:

** = argming [y - OF/3 + AR, » ®
where A>0 is a parameter which tunes the balance between

the two terms, ? and ®X . The solution X * gives approxima-

tions to ?x) and T by thresholding: find the set of indices, I, of

k' largest absolute values of ?*:(x*l, X*,5, ..., X*\); then let

- — . . .
a*=x* (I) and T#=1. Note that T* is on the grid (i.e.,
?*E{O, 1,2,...,N-11¥) and its components are closest to the

actual frequencies, components of T.

In the second step of the reconstruction process of the
present invention, to solve equation (3) from the initializa-
tions obtained in the first step described above, one can mini-

. . - .
mize with respect to T and a, alternatively:
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M

ming 7., f,.€0,M E

J=1

2 ®

W

v — Z alemrflrj

=1

2
and

2 (10)
v S e

&
=1

2

M
min
ay.az....ap §
J=1

Newton’s method is applied to solve equation (10):

Fosr = Fo = [HSGF 'V S (1

forn=0,1,2,... ,

where HS(?) and VS(?) are calculated above in equations
(5)-(7). Equation (11) is solved by the LSQR algorithm,
which is described in “LSQR: An algorithm for sparse linear
equations and sparse least squares”, TOMS 8(1), 43-71, 1982.
The reconstruction process of the present invention is sum-
marized below:

Inputs: y=(¥;: Vas - - -
s
Outputs: T=(f,,f,,. .., f,) witheach f,£[0,N] and o.=(c,,

a2s"'sak)

fork'=1,2,...,k

, Vap and Ost, <t,<. . . <t, =<1

1. 7 = argmin|[ - ®xIl; + Azl

by convex optimization
2. Find and let I be the indices of k' largest absolute values
of

-
X = (X, X5, o, Xy

Then, let

@ =% and fo=1

forn=0,1,2,...

L P = Fou = [HSGF O]V SF0,
M

2.4 = argminal,az,...,ak/eR Z
J=1

by LSQR algorithm

end
end

(2.4) Experimental Results

For experimental studies, the parameters were chosen to be
the same as those described in the Duarte and Baraniuk ref-

2
Vi~ Z et

o
=1

2
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erence for the purpose of comparison. More specifically,
k=20 arbitrary frequencies were selected from the interval [0,
N] with N=1024, where each pair of frequencies were spaced
by 5. The amplitudes are all equal to one, and M=300 non-
uniform random samples were chosen. The method of the
present invention was compared with spectral compressive
sensing spectral iterative hard thresholding (SIHT) via Root
MUSIC, as described in the Duarte and Baraniuk reference,
in which M=300 random measurements were taken

(ie. Y=WX, where W is a 300x1024 random Gaussian
matrix). MATLAB code was provided by the Duane and
Baraniuk reference.

FIG. 2 is a graph 200 illustrating the average of recon-
structed signal-to-noise ratio (SNR) (in decibels (dB)) from
20 independent tests with various levels of noise. Gaussian
noise with variance o from 0 to 1, with an increment of 0.1,

was added to the measurements: ?noisy:?+ﬂ. The curves are
the reconstruction SNR versus the noise variance. It was
observed that the present invention (represented by solid
curve 202) greatly outperformed the comparison method
(represented by dashed curve 204) described above in recon-
struction fidelity, as indicated by the higher SNRs.

An example of a computer system 300 in accordance with
one aspect is shown in FIG. 3. The computer system 300 is
configured to perform calculations, processes, operations,
and/or functions associated with a program or algorithm. In
one aspect, certain processes and steps discussed herein are
realized as a series of instructions (e.g., software program)
that reside within computer readable memory units and are
executed by one or more processors of the computer system
300. When executed, the instructions cause the computer
system 300 to perform specific actions and exhibit specific
behavior, such as described herein.

The computer system 300 may include an address/data bus
302 that is configured to communicate information. Addition-
ally, one or more data processing units, such as a processor
304, are coupled with the address/data bus 302. The processor
304 is configured to process information and instructions. In
one aspect, the processor 304 is a microprocessor. Alterna-
tively, the processor 304 may be a different type of processor
such as a parallel processor, or a field programmable gate
array.

The computer system 300 is configured to utilize one or
more data storage units. The computer system 300 may
include a volatile memory unit 306 (e.g., random access
memory (“RAM”), static RAM, dynamic RAM, etc.) coupled
with the address/data bus 302, wherein a volatile memory unit
306 is configured to store information and instructions for the
processor 304. The computer system 300 further may include
a non-volatile memory unit 308 (e.g., read-only memory
(“ROM™), programmable ROM (“PROM?”), erasable pro-
grammable ROM (“EPROM”), electrically erasable pro-
grammable ROM “EEPROM”), flash memory, etc.) coupled
with the address/data bus 302, wherein the non-volatile
memory unit 308 is configured to store static information and
instructions for the processor 304. Alternatively, the com-
puter system 300 may execute instructions retrieved from an
online data storage unit such as in “Cloud” computing. In an
embodiment, the computer system 300 also may include one
or more interfaces, such as an interface 310, coupled with the
address/data bus 302. The one or more interfaces are config-
ured to enable the computer system 300 to interface with
other electronic devices and computer systems. The commu-
nication interfaces implemented by the one or more interfaces
may include wireline (e.g., serial cables, modems, network
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adaptors, etc.) and/or wireless (e.g., wireless modems, wire-
less network adaptors, etc.) communication technology.

In one aspect, the computer system 300 may include an
input device 312 coupled with the address/data bus 302,
wherein the input device 312 is configured to communicate
information and command selections to the processor 300. In
accordance with one aspect, the input device 312 is an alpha-
numeric input device, such as a keyboard, that may include
alphanumeric and/or function keys. Alternatively, the input
device 312 may be an input device other than an alphanumeric
input device. In one aspect, the computer system 300 may
include a cursor control device 314 coupled with the address/
data bus 302, wherein the cursor control device 314 is con-
figured to communicate user input information and/or com-
mand selections to the processor 300. In one aspect, the cursor
control device 314 is implemented using a device such as a
mouse, a track-ball, a track-pad, an optical tracking device, or
atouch screen. The foregoing notwithstanding, in one aspect,
the cursor control device 314 is directed and/or activated via
input from the input device 312, such as in response to the use
of special keys and key sequence commands associated with
the input device 312. In an alternative aspect, the cursor
control device 314 is configured to be directed or guided by
voice commands.

In one aspect, the computer system 300 further may
include one or more optional computer usable data storage
devices, such as a storage device 316, coupled with the
address/data bus 302. The storage device 316 is configured to
store information and/or computer executable instructions. In
one aspect, the storage device 316 is a storage device such as
a magnetic or optical disk drive (e.g., hard disk drive
(“HDD”), floppy diskette, compact disk read only memory
(“CD-ROM”), digital versatile disk (“DVD”)). Pursuant to
one aspect, a display device 318 is coupled with the address/
data bus 302, wherein the display device 318 is configured to
display video and/or graphics. In one aspect, the display
device 318 may include a cathode ray tube (“CRT”), liquid
crystal display (“LCD”), field emission display (“FED”),
plasma display, or any other display device suitable for dis-
playing video and/or graphic images and alphanumeric char-
acters recognizable to a user.

The computer system 300 presented herein is an example
computing environment in accordance with one aspect. How-
ever, the non-limiting example of the computer system 300 is
not strictly limited to being a computer system. For example,
one aspect provides that the computer system 300 represents
a type of data processing analysis that may be used in accor-
dance with various aspects described herein. Moreover, other
computing systems may also be implemented. Indeed, the
spirit and scope of the present technology is not limited to any
single data processing environment. Thus, in one aspect, one
or more operations of various aspects of the present technol-
ogy are controlled or implemented using computer-execut-
able instructions, such as program modules, being executed
by a computer. In one implementation, such program mod-
ules include routines, programs, objects, components and/or
data structures that are configured to perform particular tasks
or implement particular abstract data types. In addition, one
aspect provides that one or more aspects of the present tech-
nology are implemented by utilizing one or more distributed
computing environments, such as where tasks are performed
by remote processing devices that are linked through a com-
munications network, or such as where various program mod-
ules are located in both local and remote computer-storage
media including memory-storage devices.

An illustrative diagram of a computer program product
embodying the present invention is depicted in FIG. 4. As a
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non-limiting example, the computer program product is
depicted as either a floppy disk 400 or an optical disk 402.
However, as mentioned previously, the computer program
product generally represents computer readable code (i.e.,
instruction means or instructions) stored on any compatible
non-transitory computer readable medium.

What is claimed is:

1. A system for accurately reconstructing analog signals,
the system comprising:
one or more processors and a non-transitory memory
encoded thereon having instructions such that when the
instructions are executed, the one or more processors
perform operations of:

receiving an unknown continuous analog signal com-
prising a set of arbitrary frequencies and a set of
arbitrary amplitudes;

obtaining a set of non-uniform samples of the unknown
continuous analog signal at a plurality of times; and

utilizing an iterative reconstruction process to determine
a set of frequencies and a set of amplitudes that best fit
the set of non-uniform samples in a global minimum
problem in order to accurately reconstruct the con-
tinuous analog signal.

2. The system as set forth in claim 1, wherein the one or
more processors further perform operations of:

in an initial step of the reconstruction process, applying
compressive sensing to compute approximations of a set
of frequencies and a set of amplitudes in the set of
non-uniform samples; and

in a subsequent step of the reconstruction process, using
the approximations of the set of frequencies and the set
of amplitudes to find the minimizations of the set of
frequencies and the set of amplitudes in the set of non-
uniform samples.

3. The system as set forth in claim 2, wherein the continu-
ous analog signal, y, is a linear combination of'k tones:

k

o= ae?,

=1
where

fiel0,N], g elR, forrelR,

where f, denotes an 1” frequency, o, denotes an 1” amplitude,

i denotes time, N denotes an integer number, R denotes the
set of real numbers, 2 denotes a summation, € denotes “is an
element of”, and ¥ denotes a pure tone;

wherein the set of non-uniform samples is y,=y(t,), y,=y
(t,), - - ., Y2~y (1, where M<N; and

wherein the global minimum problem is:

M 2

k

vi- > ae™ i

ming f,.....f, €[0N]
% =1

G1,G0,..- 0y €

=1 2
where

|l...]l, denotes "the L, norm of", and M denotes an integer.
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4. The system as set forth in claim 3, wherein

1

N-1
L2

,IME{O % N

1,02, e

and wherein the one or more processors further perform
operations of:
defining a matrix ®=DF, where F is an inverse Fourier
matrix and D is a diagonal matrix associated with selec-
tionoft, ty, ..., 1.
wherein a diagonal of the matrix ® is defined by d(j)=1 if
j=t;N for some i and d(j)=0 otherwise;

. . . —
approximating a set of non-uniform samples y=(y,,

Vos - -3 Vap by y=®X, where ?:(xl, Xy, - - . 5 Xp) With
x,=a, if j=round(f;) for some i and x,=0 otherwise; and

computing a convex optimization problem having a solu-
tion according to the following:

% = argmin |3 - B3 + Iz,

where A>0 is a tuning parameter.

5. The system as set forth in claim 4, wherein the one or
more processors further perform operations of:

identifying a set of indices, I, of k' largest absolute values of

.
X=X, X5, ., XN,
where

@ =% and F =1

computing a minimization with respect to T according to
the following:

M

ming g £ €N E

J=1

4 2

i - Z aleﬂyrflrj

=1

;and

2

-
computing a minimization with respect to o according to
the following:

2

o
Yi— Z ™
=1

M
min ;
ap.az.....ap R §
J=1

6. A computer-implemented method for accurately recon-
structing analog signals, comprising:
an act of causing a data processor to execute instructions
stored on a non-transitory memory such that upon
execution, the data processor performs operations of:
receiving an unknown continuous analog signal com-
prising a set of arbitrary frequencies and a set of
arbitrary amplitudes;
obtaining a set of non-uniform samples of the unknown
continuous analog signal at a plurality of times; and
utilizing an iterative reconstruction process to determine
a set of frequencies and a set of amplitudes that best fit

2
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the set of non-uniform samples in a global minimum
problem in order to accurately reconstruct the con-
tinuous analog signal.
7. The method as set forth in claim 6, wherein the data
processor further performs operations of:
in an initial step of the reconstruction process, applying
compressive sensing to compute approximations of the
set of frequencies and the set of amplitudes; and
in a subsequent step of the reconstruction process, using
the approximations of the set of frequencies and the set
of amplitudes to find the minimizations of the set of
frequencies and the set of amplitudes.
8. The method as set forth in claim 7, wherein the continu-
ous analog signal, y, is a linear combination of'k tones:
k
Yo =3 @,
=1

ay

where

fiel0,NL,aeR, for 1eR,

lth lth

where f, denotes an 1 frequency, o, denotes an 1”* amplitude,

t denotes time, N denotes an integer, R denotes the set of real
numbers, 2 denotes a summation, € denotes “is an element
of”, and ”*¥¥ denotes a pure tone;

wherein the set of non-uniform samples is y,=y(t,), y,=y

(to), - . -, Ya~Y(ts,), where M<N; and
wherein the global minimum problem is:
M r 2
minfl,fz,...,fke[O,N]Z yi— >y e
1,02, akeTR =1 =1 2
where ||. . . ||, denotes “the L, norm of”, and M denotes an
integer.
9. The method as set forth in claim 8, wherein
1 2 N-1
Ty lyy ens Iy E{O, NN T}

and wherein the data processor further performs operations
of:
defining a matrix ®=DF, where F is an inverse Fourier
matrix and D is a diagonal matrix associated with selec-
tionof t,, t,, ..., 1.
wherein a diagonal of the matrix @ is defined by d(j)=1 if
j=t;N for some i and d(j)=0 otherwise;

. . . —
approximating a set of non-uniform samples y=(y,,

Vas o o5 Var) DY ?z@?, where ?Z(xl, Xs, - - - 5 Xp) With
x,=a, if j=round(f;) for some i and x,0 otherwise; and
computing a convex optimization problem having a solu-

tion X * according to the following:

T = argmin, [y - T3 + A,

where A>0 is a tuning parameter.

10. The method as set forth in claim 9, wherein the data
processor further performs operations of:

identifying a set of indices, I, of k' largest absolute values of
El X*N)s
—
where o *:Q*(I) and T*=;

computing a minimization with respect to T according to

the following:

R
oy sk
X F=(x* %%, .
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M

ming g £ €N E

J=1

4 2

i - Z aleﬂyrflrj

=1

;and

2

-
computing a minimization with respect to o according to
the following:

M

min ; E
[ T elK

J=1

11. A computer program product for accurately recon-
structing analog signals, the computer program product com-
prising computer-readable instructions stored on a non-tran-
sitory computer-readable medium that are executable by a
computer having a processor for causing the processor to
perform operations of:

receiving an unknown continuous analog signal com-
prising a set of arbitrary frequencies and a set of
arbitrary amplitudes;

obtaining a set of non-uniform samples of the unknown
continuous analog signal at a plurality of times; and

utilizing an iterative reconstruction process to determine
a set of frequencies and a set of amplitudes that best fit
the set of non-uniform samples in a global minimum
problem in order to accurately reconstruct the con-
tinuous analog signal.

12. The computer program product as set forth in claim 11,
further comprising instructions for causing the processor to
perform operations of:

in an initial step of the reconstruction process, applying

compressive sensing to compute approximations of the
set of frequencies and the set of amplitudes; and

in a subsequent step of the reconstruction process, using

the approximations of the set of frequencies and the set
of amplitudes to find the minimizations of the set of
frequencies and the set of amplitudes.

13. The computer program product as set forth in claim 12,
wherein the continuous analog signal, y, is a linear combina-
tion of k tones:

2

o
Vi~ Z e
=1

2

i27 fyt
a7,

N

MOES
I

where

fiel0,Nl,a,eR, for 1eR,

lth lth

where f, denotes an 1 frequency, o, denotes an 1”* amplitude,

tdenotes time, N denotes an integer, R denotes the set of real
numbers, Z denotes a summation, € denotes “is an element
of”, and ¥ denotes a pure tone;
wherein the set of non-uniform samples is y,=y(t,), y,=y
(to), - - -y Y2 ~Y(ts,), where M<N; and
wherein the global minimum problem is:

M r 2
. o fit
ming g geetom ) |vi= D e
ay,ap;....0 R =1 =1 2
where |. . . ||, denotes “the L, norm of”, and M denotes an
integer.
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14. The computer program product as set forth in claim 13,
whereint, t,, ..., t, €
1 N-1 5
oy 22

and further comprising instructions for causing the processor
to perform operations of:
defining a matrix ®=DF, where F is an inverse Fourier matrix
and D is a diagonal matrix associated with selection of
t, oyt
wherein a diagonal of the matrix @ is defined by d(j)=1 if
j=t,N for some and d(j)=0 otherwise;

10

15

approximating a set of non-uniform samples ?:(yl,
Vas o o5 Var) DY ?z@?, where ?Z(xl, Xs, - - - 5 Xp) With
x,=a, if j=round(f;) for some i and x,=0 otherwise; and

computing a convex optimization problem having a solu- 2

tion X * according to the following:

X" = argmin, |[y —(D?”; + AlIx,
25

where A>0 is a tuning parameter.

16

15. The computer program product as set forth in claim 14,
further comprising instructions for causing the processor to
perform operations of:

identifying a set of indices, I, of k' largest absolute values of

bl X*N)s
where X*Z?*(I) and T*=T;

computing a minimization with respect to T according to
the following:

R
H—(y % sk
X *F=(x*, x%,, ...

I 2

v — Z aleﬂyrflrj

=1

M
ming g £ €N E

1

2

and

-
computing a minimization with respect to o according to
the following:

2

«
yi- Z aleﬂyrflrj
=1

M
min 5
@y €K E
1

2



